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Abstract 
 
Here, we propose a methodology to determine value adding functionalities for convergent products. A collection of 
base functions and sub-functions configure the nodes of a web-based (digital) network representing functionalities. 
Each arc in the network is to be assigned as the link between two nodes. The aim is to find an optimal tree of 
functionalities in the network adding value to the product in the web environment. First, a purification process is 
performed in the product network to assign the links among bases and sub-functions. Then, numerical values as 
benefits and costs are determined for arcs and nodes, respectively, using a mathematical approach. Finally, the 
Steiner tree methodology is adapted to a multi-objective model for the network to find the optimal tree determining 
the value adding sub-functions to bases in a convergent product. 
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1. Introduction  
Convergence in electronics and communications sectors has enabled the addition of disparate new functionalities to 
existing base functions (e.g., adding mobile television to a cell phone or Internet access to a personal digital 
assistant, PDA). An important managerial issue for such convergent products (CPs) is what kind of new 
functionalities add more value to a given base. For example, a manufacturer of PDAs may wonder whether it would 
be a good idea to add satellite radio to it (i.e., a new functionality incongruent with the base), or whether it would be 
better to add electronic Yellow Pages (i.e., a new functionality congruent with the functions of a PDA). In addition, 
does it matter whether the base is primarily associated with utilitarian consumption goals (e.g., a PDA), or with 
hedonic ones (e.g., an MP3 music player)?  
 
Convergent product is similar to product assembly where different parts of a product get together to configure a final 
product. Thus, a designer (modeler) for assembly, as a convergent product, should be able to specify important 
features affecting the final product. These features may in turn help optimize the manufacturing process. For 
instance, the ability of the assembly modeler to furnish information on interferences and clearances between mating 
parts is particularly useful. Such information would enable the designer to eliminate interference between two 
mating parts where it is impractical to provide for an interference based on physical assembly requirements. 
Corresponding analyses can be achieved within the framework of the assembly modeler. Additionally, the assembly 
model may be imported into third-party programs that can perform kinematic, dynamic, or tolerance analysis. 
Tolerance analysis is of great relevance to the physical assembly process.  
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A more effective methodology for optimizing product assembly or convergent is the tree model, whereas the 
optimization decision is based on a decision tree. One useful tree for assembly modelers as a multiple optimization 
tool is the Steiner tree. The Steiner tree problem is a much actively investigated problem in graph theory and 
combinatorial optimization. This core problem poses significant algorithmic challenges and arises in several 
applications where it serves as a building block for many complex network design problems. Given a connected 
undirected graph G=(V,E), where V denotes the set of nodes and E is the set of edges, along with a weight Ce 
associated with each edge , the Steiner tree problem seeks a minimum-weight subtree of G that spans a 
specified subset  of terminal nodes, optionally using the subset N=V-N of Steiner nodes. The Steiner tree 
problem is NP-hard for most relevant classes of graphs (Johnson, 1985).The Steiner problem in graphs was 
originally formulated by Hakimi (1971). Since then, the problem has received considerable attention in the 
literature. Several exact algorithms and heuristics have been proposed and discussed. Hakimi remarked that an 
Steiner minimal tree (SMT) for X in a network G=(V,E) can be found by enumerating minimum spanning trees of 
subgraphs of G induced by supersets of X. Lawler (1976) suggested a modification of this algorithm, using the fact 
that the number of Steiner points is bounded by  showing that not all subsets of V need to be considered. 
Surveys regarding Steiner’s problem in graphs can be found in Winter (1987), Cieslik (1998), Du et al. (2000), 
Hwang et al. (1992), Vo (1990) and Costa et al. (2008). The remainder of our work is organized as follows. In 
Section 2, the proposed model of the problem is described and two useful network algorithms are given. Section 3 
presents the mathematical model and a solution algorithm. We conclude in Section 4. 
  
2. The Proposed Model  
In our proposed product digital network, a group of functionalities are considered for a product. Customers view 
their opinions for classifying the functionalities into base functions and sub-functions. We make use of this 
classification in developing our model. The procedure of classification is as follows. First, the customer chooses a 
product in a list of products being produced in a company. The functionalities of the product are viewed in a web 
page. Then, the customer clicks either function or sub-function for any of the functionalities. Consequently, 
customer clicks the classify button and observes the classified functionalities in a separate web page. This process is 
shown in Figure 1. 
 

 
 

Figure 1: The classification process 
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Here, we weigh all functionalities (both base functions and sub-functions) considering different significant attributes 
affecting the value of a product. Therefore, we consider the following mathematical notations. 
 
Mathematical notations: 
M Index for functions; m=1,…,I 
N Index for sub-functions; n=1,…,J 
P Index for attributes; p=1,…,K 
Fijk The score of triplet comparison of functions (or sub-functions) with functions (or sub-functions) 

considering different attributes. 
This three dimension comparison matrix is shown in Figure 2. Note that customers fill in this matrix using numerical 
values [ ]1,0∈ijkF .  
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Figure 2: The three dimensional comparison matrix 
 

This matrix is normalized to remove the scales. The normalized values are shown by 
norm

ijkF . A threshold value of θ  is 

considered in a way that θ≥
norm

ijkF  are chosen to be assigned as links. These links configure a network called purified 
network as shown in Figure 3.  
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Now, using the purified network, we characterize the arcs. To do this, two processes of leveling and clustering are 
performed. For leveling, we set the base functions at level zero, sub-functions with one outlet to the previous level in 
level 1, and so on. Thus, an l level network is configured.  The proposed algorithm is given next. 
 
Algorithm 1: leveling to configure a leveled network. 
Step 0: Set the base functions at level 0. Let l=0. 
Step 1: While sub-functions exist for processing do 

Find sub-functions with a link to a function (or sub-function) at level l and put them in level 1+1. 
Let l=l+1. 

 End while. 
 {l is the number of levels.}  
Step 2: Stop. 
 
The nodes of leveled network are associated with given costs. We are looking for the benefits each link provides. 
Here, a clustering approach is considered. Clusters are formed as follows: at each level, all sub-functions linked to a 
single parent is grouped in a cluster. Therefore, clusters consisting different nodes are configured. These clusters are 
being configured as a new network. The leveling and clustering processes are shown schematically in Figure 4. 
Later, we apply the Steiner tree methodology to optimize this network. Note that the benefit of each arc is obtained 
as follows:  
 
Benefit value at level i= (number of connections in a cluster at level i ϕ× ) + (number of nodes in a cluster iw× ), 
 
where ϕ  is a given value as the benefit for a single connection and wi is the weight for each node at level i . 
 
The proposed algorithm for clustering is given below. 
 
Algorithm 2: clustering of levels in a leveled network. 
Step 0: Set each node at level 0 to be a cluster. 
Step 1: For i=1 to l do 

 {Form clusters at level i} 
Cluster all sub-functions at level i linked to a single parent at level i-1. 

End for. 
Step 2: Stop. 
 
Here, the clustered network is used to configure a tree (the Steiner tree) keeping the base functions and optimizing 
two objectives of minimum cost and maximum profit in the convergent product value adding process. Next, we 
formulate our adapted proposed Steiner tree model.  
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Figure 4: Leveling and clustering processes 
 
 
3. Mathematical Formulation 
We first recall the undirected Dantzig–Fulkerson–Johnson model for the convergent product Steiner tree problem 
(CPSTP) presented in (Costa et al., 2006). Let  xij and  yi be binary variables associated with links Eji ∈),(  and 
clusters Vi∈ , respectively. Variable yi is equal to 1 if cluster i belongs to the solution, and to 0 otherwise. 
Similarly, variable xij is equal to 1 if link (i, j) belongs to the solution, and to 0 otherwise. For VS ⊆ , define E(S) 
as the set of links with both terminals in S. Assume that terminals are the set N. The mathematical model can then be 
written as: 
 
Maximize     ∑

∈Eji
ijij xr

),(
. ,            (1) 

 
Minimize      ∑

∈Vi
ii yc . ,       (2) 

 
Subject to, 
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The objectives are to maximize the aggregated benefits and minimize the aggregated costs. Constraint (3) guarantees 
that the number of clusters in a solution is equal to the number of links minus one, and constraints (4) are the 
connectivity constraints. The number of constraints (4) equals 12 −− VV . As a result, the number of variables and 
constraints are increased exponentially with respect to the number of clusters. Constraints (5) impose the terminal 
clusters to exist in the tree. Relations (6) and (7) show the variable types. Since costs and benefits have different 
scales, we use a normalization process to remove the scales.  
 
4. Conclusions 
We proposed a methodology to determine value adding functionalities for convergent products. A collection of base 
functions and sub-functions configured the nodes of a web-based (digital) network representing functionalities. Each 
arc in the network was to be assigned as the link between two nodes. The aim was to find an optimal tree of 
functionalities in the network adding value to the product in the web environment. First, a purification process was 
performed in the product network to assign the links among bases and sub-functions. Then, numerical values as 
benefits and costs were determined for arcs and nodes, respectively, using leveling and clustering approaches. 
Finally, the Steiner tree methodology was adapted to a multi-objective model for the network to find the optimal tree 
determining the value adding sub-functions to bases in a convergent product. 
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